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ABSTRACT
We explore some of the global aspects of duality transformations in String
Theory and Field Theory. We analyze in some detail the equivalence of dual models
corresponding to different topologies at the level of the partition function and in
terms of the operator correspondence for abelian duality. We analyze the behavior
of the cosmological constant under these transformations. We also explore several
examples of non-abelian duality where the classical background interpretation can
be maintained for the original and the dual theory. In particular, we construct a
non-abelian dual of SL(2, R) which turns out to be a three-dimensional black hole.
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1. INTRODUCTION
Duality symmetry plays an important roˆle in Statistical Mechanics (for a review
and references to the literature see for instance [1]), in particular in the analysis
of the phase diagram of spin systems. It can also be understood as a way to show
the equivalence between two apparently different theories. On a lattice system
described by a Hamiltonian H(gi) with coupling constants gi the duality trans-
formation produces a new Hamiltonian H∗(g∗i ) with coupling constants g
∗
i on the
dual lattice. In this way one can often relate the strong coupling regime of H(g)
with the weak coupling regime of H∗(g∗). In String Theory and Two-Dimensional
Conformal Field Theory duality is an important tool to show the equivalence of
different geometries and/or topologies and in determining some of the genuinely
stringy implications on the structure of the low energy Quantum Field Theory limit.
Duality symmetry was first described on the context of toroidal compactifications
[2, 3]. For the simplest case of a single compactified dimension of radius R, the
entire physics of the interacting theory is left unchanged under the replacement
R → α′/R provided one also transforms the dilaton field φ → φ − log(R/
√
α
′
)
[4]. This simple case can be generalized to arbitrary toroidal compactifications
described by constant metric gij and antisymmetric tensor bij [5]. The general-
ization of the duality symmetry in this case becomes (g + b) → (g + b)−1 and
φ → φ − 12 log det(g + b). In fact this transformation is an element of an infi-
nite order discrete symmetry group for d-dimensional toroidal compactifications
O(d, d;Z) [6]. The symmetry was later extended to the case of non-flat conformal
backgrounds in [7]. In Buscher’s construction one starts with a manifold M with
metric gij , i, j = 0, . . . d− 1, antisymmetric tensor bij and dilaton field Φ(xi). One
requires the metric to admit at least one continuous isometry which leaves invariant
the σ-model action constructed out of (g, b, φ). Choosing an adapted coordinate
system (x0, xα) = (θ, xα), α = 1, . . . d − 1 where the isometry acts by translations
of θ, the change of g, b, φ is given by
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g˜00 = 1/g00, g˜0α = b0α/g00, g˜αβ = gαβ −
g0αg0β − b0αb0β
g00
b˜0α =
g0α
g00
, b˜αβ = b0β −
g0αb0β − g0βb0α
g00
,
φ˜ = φ− logg00.
(1.1)
The result is that for any continuous isometry of the metric which is a symmetry of
the action one obtains the equivalence of two apparently very different non-linear
σ-models. If n is the maximal number of commuting isometries, one obtains a du-
ality group of the form O(n, n;Z) [8] (a rather thorough review of recent results in
duality can be found in [9]). Duality symmetries are useful in determining impor-
tant properties of the low-energy effective action, in particular in questions related
to supersymmetry breaking and in the removal of flat directions from the potential
[10]. Although the transformation (1.1) was originally obtained using a method
apparently not compatible with general covariance, it is not difficult to modify the
construction to eliminate this drawback. A particularly useful interpretation of
(1.1) is in terms of the gauging of the isometry symmetry [11] with an auxiliary
gauge field whose field strengh is required to vanish, although it will in general
have non-trivial monodromy in non-spherical topologies. The analysis in [11] re-
lates the two dual d-dimensional σ-models with an auxiliary d + 1-dimensional
σ-model which contains a left- and a right-handed chiral current associated to the
original isometry. The original model and its dual are then obtained by gauging
respectively the vector and axial vector combinations of chiral currents on the aux-
iliary theory. This presentation also clarified the relation between the conformal
properties of the three models involved.
A further generalization of the general procedure in [11] was proposed in [12]
in the case that the manifold (M, g) has non-abelian isometries. This form of
“duality” contains many striking differences with ordinary or abelian duality, and
it is one of our purposes to explore some of its properties.
The outline of this paper is the following. In section two we present the gen-
eral form of the duality transformation for compact abelian isometries. We use a
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manifestly covariant formalism and therefore we can control the global topological
properties of the dual model. In particular we are interested in the case where the
original manifold has a trivial fundamental group. Naively one would not expect to
find any topology change in this case because the original model does not contain
any winding states, and toroidal duality can be expressed as the exchange of wind-
ing and momentum states. We will see that generically the duality transformation
changes the topology and/or the geometry of the manifold in a way largely inde-
pendent of its fundamental group. In section three we study in detail a particular
example (the σ-model on the three-sphere) as an illustrative case of a manifold
without fundamental group whose topology changes to S2 × S1. We perform the
duality transformation patch by patch and we explicitly reconstruct the topology
of the dual manifold. Section four contains the explicit study of abelian duality in
Wess-Zumino-Witten models where one can explicitly control the global topology
rather easily. Section five presents the explicit map between operators of the orig-
inal and dual theories (order/disorder mapping) for arbitrary curved backgrounds.
In section six we make some remarks concerning the behavior of the cosmological
constant under duality transformation and explore briefly some of its consequences.
Finally in section seven we come to the study of non-abelian duality. We present a
series of interesting examples based on manifolds with non-abelian isometry groups
acting without fixed-points. The simplest example is provided by the SU(2)-non-
linear σ-model and as isometry group we take the left action of SU(2) on itself.
The dual model does not contain singularities, but it is non-compact (it is the Lie
algebra of SU(2) with a curved metric). Next we study the same procedure for
the SL(2, R) σ-model. SL(2, R) is geometrically anti-DeSitter space, and under
non-abelian duality we obtain a three-dimensional anti-DeSitter black hole. In this
case, although the isometries act without fixed points, the singularity appears as
a consequence of the non-compactness of the isometry group. After some brief
survey of other examples, we study some of the still unresolved questions in trying
to construct the non-abelian duality transformation for higher genus Riemann sur-
faces, and the difficulties with the explicit construction of the operator mapping
4
between the original model and its dual.
2. GENERALLY COVARIANT DUALITY TRANSFORMATION
In (1.1) we saw that the original construction of the duality transformation
required a particular choice of coordinates. Since we are interested in the global
topological properties of the dual theory (M˜, g˜, b˜), we would like to begin by writing
the form of (1.1) in a general covariant form. This is all the more interesting in
those cases we will consider later where π1(M) = 0. From a String Theory point
of view there are only momentum modes and no winding modes, and thus we wish
to clarify first of all what is the global topology of M˜ and the form of the operator
mapping in this case. The way to proceed following the ideas in [11] is to gauge
the isometry. With a general bij field (Wess-Zumino-Witten term) we need to use
the Noether procedure as made explicit in [13]. After gauging the isometry we
impose the constraint that the gauge field should be flat. In this formalism going
to adapted coordinates is a question of gauge fixing. However issues related to the
resulting global topology and geometry can be addressed without recurring to a
particular gauge choice, and we can always keep explicit general covariance.
Ignoring the dilaton, we consider the σ-model
S =
1
2π
∫
d2σ(gij + bij)∂x
i∂xj =
=
1
8π
∫
gij∂µx
i∂µxj +
i
8π
∫
bijdx
i ∧ dxj ,
(2.1)
the second term on the right-hand side is the Wess-Zumino term. If the world-sheet
is a genus g Riemann surface Σg, the Wess-Zumino term can be described in terms
of an element of H3(M,R). If Σ0g = interior of Σg, and H is the selected 3-form in
H3(M,R), the Wess-Zumino-Witten term in the action is
Γ =
i
8π
∫
Σ0g ,∂Σ0g=Σg
H (2.2)
We assume H can be chosen in such a way that the ambiguity in Γ due to different
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choices of Σ0g is equal to 2πi(integer), and the quantum theory is thus well-defined.
Let ki be a Killing vector for the metric g:
Lkgij = ∇ikj +∇jki = 0 (2.3)
Invariance of S requires also
δkΓ =
i
8π
∫
Σ0g
ǫLkH = i
8π
∫
Σ0g
ǫ(dik + ikd)H =
i
8π
ǫ
∫
Σg
ikH = 0, (2.4)
because dH = 0, and (ikH)ij = k
lHlij , hence (2.4) vanishes if ikH = −dv, for
some 1-form v. In terms of b, (H = db locally) this implies:
Lkb = dω, ω = ikb− v. (2.5)
The associated conservation law is:
∂J¯k + ∂¯Jk = 0 (2.6)
Jk = (k − ikb+ ω)i∂xi = (k − v)i∂xi ≡ (k − v) · ∂x
J¯k = (k + ikb− ω)i∂¯xi = (k + v)i∂¯xi ≡ (k + v) · ∂¯x
(2.7)
If we wish to gauge the isometry we introduce gauge fields A, A¯, with δǫA =
−∂ǫ , δǫA¯ = −∂¯ǫ, and δxi = ǫki(x) now with ǫ a function on the world-sheet. The
original action will vary into 12π
∫
(Jk∂¯ǫ+ J¯k∂ǫ) which can be cancelled by adding
an extra term to the action of the form
∫
(AJ¯k + A¯Jk)/2π. However the new term
still varies under the gauge isometry due to the variation of Jk , J¯k. By adding
one new term to the action,
∫
k2AA¯/2π, the total variation becomes
δ(L + L
′
+ L
′′
) = A∂¯(ǫk · v)− A¯∂(ǫk · v), (2.8)
where L is given by (2.1) and:
L
′
=
1
2π
(AJ¯k + A¯Jk)
L
′′
=
1
2π
k2AA¯
(2.9)
The anomalous variation (2.8) cannot be cancelled in general unless we include
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extra fields into the action. The simplest choice is a real scalar field χ, contributing
to the Lagrangian a term:
Lχ =
1
2π
(A∂¯χ− A¯∂χ), (2.10)
and
δǫχ = −ǫk · v (2.11)
The complete action and transformation rules are:
Sd+1 =
1
2π
∫
[(gij + bij)∂x
i∂¯xj + (Jk − ∂χ)A¯ + (J¯k + ∂¯χ)A+ k2AA¯]d2σ (2.12)
δǫx
i = ǫki(x) δǫχ = −ǫk · v
δǫA = −∂ǫ δǫA¯ = −∂¯ǫ
(2.13)
For a genus g world-sheet Σg and compact isometry orbits we may have large gauge
transformations. We consider multivalued gauge functions:
∫
γ
dǫ = 2πn(γ) n(γ) ∈ Z, (2.14)
where γ is a non-trivial homology cycle in Σg. Since we are dealing with abelian
isometries it suffices to consider only the toroidal case g = 1. The variation of Sd+1
(2.12) is:
δSd+1 =
1
2π
∫ (
∂χ∂¯ǫ− ∂ǫ∂¯χ) = i
4π
∫
T
dχ ∧ dǫ
=
i
4π
∮
a
dχ
∮
b
dǫ−
∮
a
dǫ
∮
b
dχ
 (2.15)
where a and b are the two generators of the homology group of the torus T. Since
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ǫ is multivalued by 2πZ, we learn from (2.15) that χ is multivalued by 4πZ.
∮
γ
dχ = 4πm(γ) m(γ) ∈ Z. (2.16)
For a non-compact isometry δSd+1 = 0 and dχ may in general have real periods.
Thus gauge invariance determines the explicit multivaluedness and the periods of
χ.
In duality arguments the first step consists of exhibiting the equivalence of
Sd+1 (2.12) with the original model (2.1) . This in principle follows on spherical
topologies by eliminating χ from Sd+1. For other topologies we have to be careful
with the possible monodromy contributions since χ is multivalued. If we consider
the two terms in Sd+1 containing χ and A, A¯, we can decompose dχ into an exact
part dχ0 (χ0 a single valued function) plus a harmonic piece dχh which has non-
trivial periods. The term dχ0∧A can be integrated by parts, and upon eliminating
χ0 it imposes the constraint that A should be flat. However, although A may be
flat, it can have non-trivial holonomy about the a, b cycles. The harmonic part
of χ then enforces the triviality of the holonomy of A, and this then implies that
A is pure gauge and that indeed (2.12) is equivalent to (2.1) . The second step,
which produces the dual action, implies the elimination of the gauge field A. This
is possible because A appears only quadratically in the action. However, since in
principle the Killing vector could have fixed points (points where k2 = 0), it is
perhaps better to think of Sd+1 (2.12) as the dual action to (2.1).
By construction Sd+1 is manifestly general covariant, and therefore we have
a clear idea of the d-dimensional geometrical interpretation of the model. We
are working on the quotient of M by the orbits of the isometry group times the
χ-space. For a compact isometry χ lives on a circle and therefore generically one
would expect to end up in the product manifold (or orbifold) M˜ = “(M/S1)×S1χ”.
Generically we expect topology change as a consequence of duality. However the
more delicate issue is whether the dual manifold M˜ is indeed a product or a twisted
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product (non- trivial bundle, etc.). It is also useful to notice that in the previous
arguments the structure of π1(M) played no roˆle. In toroidal compactifications
π1(T
d) = Zd, and together with ordinary momentum states we have winding states
describing the way the string wraps around in the compactified dimensions. Duality
is described as the symmetry exchanging momentum and winding states. For other
manifolds, in particular those where π1(M) = 0 and yet M˜ is not diffeomorphic to
M , we have to reconsider the mapping between the operators of the two theories.
If we are interested in the explicit form of the dual σ-model we have to eliminate
the gauge field A. For Killing vectors with fixed points (k2 = 0) this generates
singular manifolds. Thus gauge fixing (2.12) in this case produces a singular space
whose background interpretation is doubtful whereas (2.12) itself is perfectly well-
defined. The simplest way to gauge fix (2.12) is to choose coordinates adapted to
the Killing field ki: (θ, xα), ki∂/∂xi = ∂/∂θ. This is a representation that depends
on the system of coordinate patches used, and the global issues appear as Gribov
problems. Using adapted coordinates, and eliminating the gauge field, we obtain
after some manipulation the following form for g˜, b˜:
g˜00 =
1
k2
g˜0α =
vα
k2
b˜0α =
kα
k2
g˜αβ = gαβ −
kαkβ − vαvβ
k2
b˜αβ = bαβ −
kαvβ − kβvα
k2
(2.17)
In local adapted coordinates we recover Buscher’s transformation. As pointed
out before, the global structure is captured directly from Sd+1 without the need to
integrate out the gauge field.
A different way to proceed is to cover the target manifold M with coordinate
patches, do patchwise duality transformations, and then try to reconstruct M˜ out
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of the “dual” patches. We will use this procedure in a simple example in the next
section for illustrative purposes.
3. SOME SIMPLE EXAMPLES IN
NON-CONFORMAL THEORIES
In the previous section we analyzed the duality transformation with respect to
an abelian symmetry in a manifestly covariant framework to understand the global
topology of the dual manifold. It is also instructive to understand the same results
explicitly in some examples, especially in those with π1(M) = 0. Since we want
to maintain the background interpretation for the σ-model, we look for geometries
with fixed-point free isometries and vanishing fundamental group. The simplest
example is to takeM = SU(2) = S3 with the round metric. Locally S3 is certainly
equivalent to S2 × S1, but not globally. The left action of SU(2) on the round
metric is free from fixed points. We may represent S3 as a submanifold of C2, with
coordinates (z0, z1), satisfying z0z0 + z1z1 = 1. It is also useful to represent S
3 as
a Hopf fibering over S2, p : S3 → S2. When z0 6= 0, p(z0, z1) = z = z1/z0, and
when z1 6= 0, p(z0, z1) = 1/z = z0/z1. If H± represent the two hemispheres of the
two-sphere, the local equivalence of S2 × S1 with S3 is given by
H+ : (z, u+) ∈ S2 × S1 → ( u+√
1 + |z|2 ,
zu+√
1 + |z|2 )
H− : (1/z, u−) ∈ S2 × S1 → ( |z|u−√
1 + |z|2 ,
|z|u−/z√
1 + |z|2 ).
(3.1)
The transition function in the equator of the two-sphere is
u+ =
|z|
z
u− = e
iφu−, (3.2)
which defines the necessary twist in the fiber in order to obtain the three-sphere
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as the global space. We can parametrize the geometry in terms of Euler angles
z0 = e
i(χ+φ)/2 cos θ/2
z1 = e
i(χ−φ)/2 sin θ/2
, (3.3)
where 0 ≤ θ < π, 0 ≤ φ < 2π, 0 ≤ χ < 4π, corresponding to a parametrization of
SU(2) as follows
g = eiχσ3/2eiθσ1/2eiφσ3/2. (3.4)
In terms of these coordinates the left-invariant one-forms g−1dg = iσaωaL/2 are
given by
ω1L = sin θ sinφ dχ+ cosφ dθ
ω2L = sinφ dθ − sin θ cos φ dχ
ω3L = dφ+ cos θ dχ,
(3.5)
and the round metric is simply
ds2 = δabω
a
Lω
b
L
= dθ2 + dφ2 + 2 cos θdφdχ+ dχ2.
(3.6)
The isometry we will be interested in corresponds in complex coordinates to the
change of the common phase of z0 and z1. In terms of Euler angles this is χ →
χ+const.. Since the Euler angles are adapted coordinates to this isometry we can
apply Buscher’s formulae (1.1) to obtain the dual metric
ds˜2 = dθ2 + dχ˜2 + sin2 θdφ2, (3.7)
and
b˜ = 2 cos θdχ˜ ∧ dφ. (3.8)
this dual metric looks certainly like S2×S1, but at this point it is a bit difficult to
discriminate between S2×S1 and S3 because Euler angles (like polar coordinates)
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are not globally valid, and we should beware of global topological conclusions
obtained in a particular coordinate system. We can be more careful and use a
description of S3 in terms of two coordinate patches using stereographic projection.
In R3 we embed S3 by the condition (ξ0)2+(ξi)2 = 1, i = 1, 2, 3. The stereographic
projection is explicitly given by
x±i =
ξi
1∓ ξ0 , (3.9)
with transition functions
x+i = x
−
i /x
2
− x
2
−x
2
+ = 1. (3.10)
The induced metric on S3 is the round metric. The Killing vector k = ∂/∂χ in the
two hemispheres takes the form:
ki± = (±x1x3 − x2, x1 ± x2x3,±(1 + x23 − x21 − x22)/2), k2± = 1. (3.11)
Applying Buscher’s formulae in both patches we obtain the dual metrics:
ds˜2± = dχ˜
2
± + (gij − k±i k±j )dxi±dxj±. (3.12)
χ˜± are the Lagrange multipliers in each patch. We also generate b-fields
b˜± = −k± ∧ dχ˜± k± = k±i dxi. (3.13)
We can patch now ds˜2± by imposing χ˜+ = χ˜−. We also know that there is a
redundant degree of freedom in the metric because of gauge invariance. Thus,
in order to obtain a metric depending on three coordinates we have to make a
gauge choice, for example by choosing x1 = 0. However this is possible as long
as k1(x) 6= 0. Hence to fix the gauge we have to first look at the fixed surfaces
of the three components of the Killing vector. The set of zeroes of k1± is the
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surface Z±1 = {x2 = ±x1x3}. Similarly Z±2 = {x1 = ∓x2x3}, and Z±3 = {x23 =
x22 + x
2
1 − 1}. These sets have vanishing intersections because the Killing vector
has no fixed points. In fixing the gauge we can choose x1 = 0 only in H+−Z+1 . In
Z+1 − (Z+1 ∩Z+2 ) we can choose x2 = 0, and finally in the intersection between Z+1
and Z+2 we may choose x3 = 0. In this form the gauge is properly fixed and we
indeed obtain S2 × S1. Incidentally, the correct procedure to fix the gauge solves
a small conceptual puzzle. We can cover S3 with two simply connected coordinate
patches which overlap in a simply connected region. However this is not the case
for S2 × S1. The extra patches needed to obtain a good cover of this manifold
follow from carefully fixing the gauge in order to describe the dual manifold.
The example we have just considered can be extended to an arbitrary compact
Lie group G. For any abelian subgroup H in G we may consider its left action
h ∈ H, g → hg. For the principal chiral model,
S =
1
8π
∫
d2σTrg−1∂µgg
−1∂µg. (3.14)
Once again we can follow the procedure of gauging the subgroup H , introducing
the Lagrange multiplier etc. to obtain the dual model. We will spare the reader the
details, and simply mention the result. After appropriate gauge fixing in this case
(labelling correctly the H-orbits in G) we obtain as expected the dual manifold
G˜ = (G/H)× {Lagrange multiplier manifold}. (3.15)
We should also be careful about the behavior of the measure in the path integral
under this decomposition. However the measure of the original path integral is
the Haar measure. It is known [14] that when |detAdG(h)| = |detAdH(h)| for all
h ∈ H ⋆ there exists a measure on the quotient G/H such that∫
G
f(g)dg =
∫
G/H
dgH
∫
H
dhf(hgH).
⋆ AdG(h) and AdH(h) are respectively the adjoint actions of h ∈ H considered as an element
of G and H .
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In the example at the beginning of the sectionH = U(1), G = SU(2), and the above
condition is satisfied. This completes the (semiclassical) proof of the topology
change from S3 to S2 × S1. We will later analyze the mapping between operators
of the two models, however we would like to make a few remarks about the mapping
between states. In the three-sphere, a natural basis to expand the states is in terms
of the Wigner functions (the natural basis of functions on SU(2)). These functions
are labelled by three parameters Djm,m′, and we can label the vertex operators
in terms of them. When we consider the dual space S2 × S1, the states on S2
are naturally labelled in terms of spherical harmonics Y lm. Naively, the states in
S1 would be labelled by two quantum numbers (n, n′), (momentum and winding
respectively) and therefore it would seem that there is a redundancy of states with
respect to the spectrum on the three sphere we started with. The resolution of this
puzzle is found on the fact that the equation of motion of the Lagrange multiplier
field χ is not given in terms of the free Laplace equation on the world-sheet, but
it contains a contribution due to the induced WZW term, which is the analogue
of the Dirac monopole connection. In solving this equation, the number of modes
with finite action will be cut in half, and therefore the count of states in the original
model and its dual agrees.
4. ABELIAN DUALITY IN WZW MODELS
A class of Conformal Field Theories (CFT) where the global properties of
duality can be controlled in detail are the Wess-Zumino-Witten (WZW) models
[15]. On a genus g Riemann surface the action for a simply connected group is
S0[g] = − k
2π
∫
Σg
Tr(g−1∂gg−1∂g) +
ik
12π
∫
Σ0g
Tr(g−1∂g)3, (4.1)
where Σ0g is a filled surface whose boundary is the Riemann surface Σg. In these
models the duality manipulations can be carried out without reference to any
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coordinate system. This is due to the Polyakov-Wiegmann property (PW) [16]
S0[g1g2] = S0[g1] + S0[g2]− k
π
∫
Σg
Tr(g−11 ∂g1∂g2g
−1
2 ). (4.2)
For genus higher than one and for twisted fields this formula receives corrections,
however for abelian twists (4.2) is correct in any genus. We consider the following
left and right action of an abelian subgroup generated by H :
hL = e
cosαθH hR = e
sinαθH . (4.3)
Using PW
S0[hLgh
−1
R ] = S0[g] +
k
2π
∫
ηα∂θ∂θ +
k
2π
∫
(Jα∂θ − Jα∂θ), (4.4)
where
ηα = sin 2αTrHgHg
−1− TrH2
Jα = 2 sinαTrHg
−1∂g
Jα = 2 cosαTrH∂gg
−1.
This formula represents the effect of a gauge transformation on S0 with respect
to an arbitrary mixing of left/right abelian actions for some abelian subgroup Hα.
Special cases are α = 0, π/2 corresponding to pure left- or right-chiral rotations and
α = ±π/4, which represent vector and axial transformations. For non-compact Hα
we take H†α = Hα, H
2
α = 1 while for compact subgroups we take H
†
α = −Hα, H2α =
−1. In this case we restrict to tanα = nR/nL, a rational number, to avoid ergodic
actions. Gauging the WZW Lagrangian (4.1) with respect to the action (4.3) we
obtain the dual model
S(α) = S0(g)− k
2π
∫
A(Jα + t2∂χ) +
k
2π
∫
A(Jα + t2∂χ) +
k
2π
∫
ηαAA, (4.5)
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where t2 = TrH
2, with the gauge invariance
g → ecosαǫHge− sinαǫH
A→ A− dǫ
χ→ χ− ǫ cos 2α.
(4.6)
In the compact case large gauge transformations correspond to∮
γ
dǫ = 2πrαn(γ) rα =
√
n2L + n
2
R, (4.7)
where γ is a non-trivial homology cycle and n(γ) is an integer.
If we integrate the Lagrange multiplier we project into A = da, with
∮
γ da =
2πrαn(γ), and using the PW property together with the invariance of the Haar
measure we easily establish the equivalence between (4.1) and (4.5). The explicit
form of the dual model follows from A-integration, and yields
S˜ = S0(gc) +
k
2π
∫
(Jc + t2∂χ)(J c + t2∂χ)
ηα
, (4.8)
where Jc = Jα(gc), gc ∈ G/Hα. The multivaluedness of χ is as follows∮
γ
dχ =
4π
rαkt2
n(χ) (4.9)
in the case with Hα compact, (n(χ) is an integer) and∮
γ
dχ = l(χ) ∈ R.
Thus we are clearly working in the spaces G/Hα×S1χ for compact Hα and G/Hα×
R˜χ for non-compact Hα for generic α. By looking at the term in the action
quadratic in the χ-field we can determine the radius of the circle S1χ to be Rχ =
2/rα
√
kηα.
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We can easily check involution using again the PW property. The dual model
has an obvious isometry with respect to χ-shifts, and by applying duality with
respect to this symmetry together with the PW property, we arrive after a trivial
rescaling of variables to the original theory.
A particularly interesting case corresponds to the chiral theories α = 0, π/2.
These theories are self-dual after the first duality transformation. For example, for
α = 0, Jc = 0 and ηα = −t2:
S˜α=0 = S0(gc)− k
2π
∫
J¯c∂χ− k
2π
∫
t2∂χ∂χ, (4.10)
and using the PW property once more we arrive at the original model. Thus the
WZW-model is self-dual with respect to pure left- or right-abelian duality.
As a particularly nice example of the previous considerations we have the
duality between 3d-rotating black holes and 3d-charged black strings [17]. The
3d-black hole is given by the gauged WZW-model
˜SL(2, R)/SO(1, 1)Zα ,
where the notation means that we have to identify points with integer spacing
along the SO(1, 1)α-orbits. α is related here to the black hole angular momentum,
and we effectively deal with a compact isometry. ˜SL(2, R) is the universal covering
of SL(2, R). Under duality,
˜SL(2, R)/SO(1, 1)Zα → ˜SL(2, R)/SO(1, 1)α × S1φ.
The model on the right is the three-dimensional charged black string. For the
particular case of α = −π/4 we obtain the static three-dimensional black hole
and the uncharged string, which becomes (at tree level) a simple product of the
two-dimensional black hole and S1.
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In conclusion, we have generic topology change induced by duality even at the
semiclassical level. Quite generally the topological properties of the dual space
depend only on the embedding structure of the isometry orbits, in particular on
its compactness or non-compactness. Whether π1(M) is trivial seems to be, to a
large extent irrelevant.
5. ORDER-DISORDER MAPPING
Duality transformations map not only the actions of the σ-models under con-
sideration but also provide an explicit dictionary between the Hilbert spaces, and
the physical operators. This is the order-disorder transformation in the context
of Kramers-Wannier duality in Statistical Mechanics, or the winding-Kaluza-Klein
mode mapping in toroidal compactifications in string theory. To be more precise,
duality in its more general form is an equality of the form:
〈O1...On〉 =
〈
O˜1...O˜n
〉
, (5.1)
for some dual operators O˜i to be determined. Here we consider local order operators
(in adapted coordinates) of the form
P (∂z, ∂z¯)f(θ, x
α)(z, z),
for f some function on the target space-time M being the analogue of a tachyon
operator. For example, in group manifolds M = G, we may diagonalize the action
of Hα for the basis functions
fpL,pR(g) = fpL,pR(e
θLHgce
−θRH) = ei(pLθL−pRθR)fpL,pR(gc).
Since gc is a spectator field in duality transformations, we can consider operators
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of the form
Vp = e
ipθ, (5.2)
and in general,
O = P (∂z, ∂z)eipθ. (5.3)
Thus, in establishing (5.1) it suffices to concentrate on tachyon operators.
For non-compact Hα p ∈ R (or more generally p ∈ C) while in the compact
case p ∈ Z (assuming that θ is identified modulo 2π). It is easy to perform the
duality transformation in the functional integral (here we consider only tree-level
duality):
〈Vp1(z1) . . . Vpn(zn)〉 =
∫
DθDxαVp1(z1) . . . Vpn(zn)e
−S(θ,xα).
First we fix a point on the surface Σ, say P =∞ and write,
∏
i
Vpi =
∏
j
eipj(θ(zj)−θ(∞))
∏
j
eipjθ(∞)
=
∏
j
eipj
∫ zj
∞
dθei
∑
j
pjθ(∞).
As usual we may fix the translational symmetry zero mode in θ by the requirement
of charge conservation
∑
j pj = 0, and the integrals
∫ zj
∞ dθ =
∫
γj
dθ go along
arbitrary cuts drawn on Σ. Now we can use a first order formalism. We can
further transform the operators to the form
z∫
∞
dθ =
1
2π
∮
γz
dθα =
1
2π
∫
Σ
dα ∧ dθ
for α a function with 2π jumps on γz, ie it is an “angular variable” centered at
z. Now we may gauge the model to define the following correlator on the d + 1-
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dimensional theory:
〈
∏
j
Vpj〉 =
∫
DθDxαDADχ
|Hα| e
−Seff (pj ,A,θ,x
α,χ)
Seff = Sd+1(θ, xα, A, χ) +
i
2π
∑
j
pj
∫
(dθ + A) ∧ dαj .
Where |Hα| is the volume of the gauge group generated by the isometry. Thus the
dual operators in the d+1-dimensional sense are given by the non-local expressions:
W
(d+1)
p (z) = e
ip
∫ z
∞
(dθ+A) = e
ip
∫
γz
Dθ
.
We can also work out the d-dimensional gauge invariant form by integrating out
A. Upon gauge fixing,
Seff → Sd+1(θ = 0, xα, A, φ) + 1
π
∑
j
pj
∫
(A∂αj − A∂αj),
and after integrating over A we obtain a frustrated partition function
〈
∏
j
Vpj〉 =
∫
DxαDφe−S˜d(φ
∗,xα),
where φ∗ is the frustrated field
dφ∗ = dφ+
∑
j
2pjdαj,
∮
|z−zj |=ǫ
dφ∗ = 4πpj .
Hence the dual operators to the Vp’s are genuine winding operators for compact
Hα with charge 2p. For non-compact Hα we have vortex lines with real charge 2p.
This is expected from the study of the higher genus partition functions.
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Recalling the explicit form of the φ-sector in the dual model,
S˜φ ∼ 1
2π
∫
1
ξ2
∂φ∂φ− i
4π
∫
1
ξ2
j ∧ dφ,
j = (Jc, Jc),
we find it is quadratic in φ, so that we can still sharpen the form of the dual
operators. It proves convenient to choose αj as solutions to the pull-back Laplace
equation:
d(ξ−2 ∗ dαj) = 0.
Then expanding the frustrated action
S˜φ∗ = S˜φ + S˜
∑
j
2pjαj
= S˜φ +
∑
ij
pipj
∫
γi
ξ−2 ∗ dαj −
∑
j
ipj
2π
∫
dαj ∧ jξ−2.
Since S˜φ is at most quadratic, and the αj ’s are solutions to the Laplace equation,
we can write
〈
∏
j
Vpj〉S = 〈
∏
j
Wpj〉S˜,
for
Wp = e
p
∫ z
∞
ξ−2∗dφ.
Note that for constant ξ2, φ admits a holomorphic decomposition φ(z, z) = φ(z)+
φ¯(z), and we may integrate the operator to
Wp = e
− ip
ξ2
(φ(z)−φ¯(z))
,
the usual flat winding mode. For non-constant ξ2 this is not possible in general,
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the operator remains string-like and the dual operators take the form
P (
1
ip
∂z ,
1
ip
∂z)e
−ip
∫ z
(dz∂zφ−dz∂zφ)/ξ
2
.
For example, the dual of ∂θ∂θeipθ is given by
1
ip
∂z∂z
φ
ξ2
e−ip
∫ z
(dz∂zφ−dz∂zφ)/ξ
2
.
Two conclusions can be drawn from this analysis:
1). The semiclassical algorithm allows for an explicit parametrization of dual
operators also for curved backgrounds, where an exact Conformal Field Theory
construction is not known. We find in general non-local operators which cannot
be made local by holomorphic factorization.
2). The physics of the dual model depends on the explicit operator mapping.
There is always a translation dictionary involved. For example, for a non-compact
isometry group we have to quantize the dual model as a vortex gas rather than
counting continuous embeddings in the target space.
6. REMARKS ON DUALITY AND
THE COSMOLOGICAL CONSTANT
A striking feature of duality is the fact that the cosmological constant, defined
as the asymptotic value of the curvature scalar is not in general invariant under
duality. One is led to wonder to what extent the cosmological constant is a string
observable. This fact noticed in [17] implies that the usual definition of Λ from
the low-energy effective action is not satisfactory. Even at large distances, if du-
ality is not broken there is a symmetry between local (momentum) modes and
non-local (winding) modes. The contribution to the cosmological constant of the
massless sector might be cancelled by the tower of massive states always present in
String Theory (proposals along these lines using the Atkin-Lehner symmetry were
advanced by G. Moore [18]).
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We study now the behavior of the scalar curvature under duality. If the space-
time metric in the σ-model takes the form
ds2 = gijdx
idxj i, j = 0, 1, 2, ..., d− 1, (6.1)
where x0 is adapted to the isometry k = ∂/∂x0, (6.1) can be written as
ds2 = (e0)2 + (gαβ −
kαkβ
k2
)dxαdxβ
e0 = kdx0 +
kα
k
dxα
k2 = kik
i = g00 kα = g0α.
(6.2)
Buscher’s transformation leads to a dual metric
ds˜2 = (e˜0)2 + (gαβ −
kαkβ
k2
)dxαdxβ
e˜0 =
1
k
(dx˜0 + vαdx
α)
, (6.3)
x˜0 being the Lagrange multiplier and v is defined as in section 2 by klHlij =
−∂[ivj], H = db. The dual scalar curvature following from (6.3) is
R˜ = R− 4
k2
gαβ∂αk∂βk +
4
k
∆d−1q k+
1
k2
H0αβH
0αβ − k
2
4
FαβF
αβ,
(6.4)
where ∆d−1q is the (d− 1)-dimensional Laplacian for the metric gqαβ = gαβ − kαkβk2 ,
and Fαβ = ∂αAβ − ∂βAα with Aα = kα/k2. (6.4) can be rewritten as
R˜ = R + 4∆ log k +
1
k2
H0αβH
0αβ − k
2
4
FαβF
αβ. (6.5)
From (6.5) we see that the only way to “flatten” negative curvature is by having
torsion in the initial space-time. Otherwise the dual of an asymptotically negatively
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curved space time is a space of the same type. Positive curvature seems however
easier to flatten in view of (6.5). We can also construct the dual torsion
H˜0αβ = −1
2
Fαβ
H˜αβρ = Hαβρ − 3
k2
H0[αβkρ] −
3
2
F[αβvρ].
(6.6)
Since
√
g = k2
√
g˜, (6.7)
and the modulus of k can be expressed in terms of the dilaton transformation
properties,
φ˜ = φ− 2 log k, (6.8)
we obtain
R˜ + eφ−φ˜H˜20αβ + 2∆φ˜ = R + e
φ˜−φH20αβ + 2∆φ, (6.9)
which can be used to show the duality invariance of the string effective action to
leading order in α′, as first noticed in [7].
The change of the cosmological constant under duality is not only peculiar
to three-dimensions [17] but rather generic. This raises the physical question of
whether in the context of String Theory the value of the cosmological constant can
be inferred from the asymptotic (long distance) behavior of the Ricci tensor. If
duality is not broken, the answer seems to be in the negative, and it makes the
issue of what is the correct meaning of the cosmological constant in String Theory
yet more misterious.
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7. EXAMPLES OF NON-ABELIAN DUALITY
7.1. Generalities and SU(2) Duality
In this section we would like to explore some examples and properties of the
non-abelian generalization of duality proposed in [12]. The philosophy in [12] is
to generalize the gauging procedure in [11] to manifolds with non-abelian isometry
groups. This method leads to an apparent equivalence between two σ-models with
vastly different topologies and geometries. There are some fundamental differences
between abelian and non-abelian duality transformations which are worth pointing
out.
1. In the context of Statistical Mechanics, duality transformations are applied
to models defined on a lattice L with physical variables taking values on some
abelian group G. The duality transformation takes us from the triplet (L,G, S[g]),
where S[g] is the action depending on some coupling constants labelled collectively
by g to a model (L∗, G∗, S∗[g∗]) on the dual lattice L∗ with variables taking val-
ues on the dual group G∗ and with some well-defined action S∗[g∗]. For abelian
groups, G∗ is the representation ring, itself a group, and when we apply the dual-
ity transformation once again we obtain the original model. As soon as the group
is non-abelian the previous construction breaks down because the representation
ring of G is not a group [1]. In particular the non-abelian duality transformations
cannot be performed again to obtain the model we started with.
2. In the continuum, and for abelian duality, the number of abelian symmetries
in the original and the dual models is the same. The dual abelian isometries cor-
respond to constant shifts of the associated Lagrange multipliers (the non-abelian
part of the original isometry group is probably realized non-locally). In the non-
abelian case we systematically lose symmetries. The non-abelian isometry group
of the dual space is always smaller, and the original isometry group is not realized
locally in the dual theory. It is a difficult problem to find the original theory if we
are only given its non-abelian dual.
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For the above two reasons it is somewhat of a misnomer to call non-abelian
duality a duality transformation. We will nevertheless follow the nomenclature in
the literature. We should also mention that some of the most interesting exam-
ples considered below are not conformally invariant field theories, although one
could imagine in principle their embedding in conformally invariant (2, 0) or (2, 2)
supersymmetric σ-models. We have not attempted to carry this out.
Following the outline in [12] we begin with the standard σ-model on a group
manifold G.
S(g) = − k
2π
∫
Tr(g−1∂gg−1∂g). (7.1)
The action is invariant under the left- and right-action of elements of G, g →
h1gh
−1
2 . k in (7.1) needs not be an integer since we are not including the WZW
term. Since we want to maintain as far as possible the background independence of
our manipulations, we perform non-abelian duality with respect to some sugbroup
H of G acting without fixed points. For instance we can take a subgroup H
acting by left-multiplication. Gauging H and introducing Lagrange multipliers in
its adjoint representation, we obtain:
S(g, A, χ) = − k
2π
∫
Tr(g−1∂gg−1∂g + A∂gg−1 + A∂gg−1+
AA + χ(∂A− ∂A + [A,A])).
(7.2)
(7.2) is invariant under the gauge transformations
g → hg A→ h(A+ d)h−1 χ→ hχh−1. (7.3)
To explore non-abelian duality we choose the largest non-abelian subgroup of G
acting without fixed points, namely G itself acting on the left. Rather than solving
for A in (7.2) and then gauge fixing, we first make the change of variables A →
g−1(A + d)g, χ → g−1χg. Then g disappears from the action. This is equivalent
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to choosing the unitary gauge g = 1. The gauge fixed action becomes
S(A, χ) = − k
2π
∫
Tr(AA+ χF (A)). (7.4)
Using the equations of motion for A,
A+ ∂χ + [A, χ] = 0, (7.5)
(7.4) becomes
S(A, χ) =
k
2π
∫
Tr(A∂χ). (7.6)
Solving A in terms of the Lagrange multipliers from (7.5) leads to the dual
action. Note that for compact groups (7.5) can always be solved without singular-
ities.
The obvious example to consider is G = SU(2). Take as generators Ti =
σi/i
√
2. A satisfies:
(δij +
√
2ǫijkχk)A
j
= −∂χj . (7.7)
Solving for A and substituting in (7.6) leads to
S˜(χ) =
k
4π
∫ [
1
1 + χ2
(δij + χiχj)− 1
1 + χ2
ǫijkχk
]
∂χi∂χj . (7.8)
In (7.8) χ2 = δijχ
iχj , and we have absorbed a factor of
√
2 in χ. The dual metric
is therefore,
ds˜2 =
1
1 + χ2
(δij + χiχj)dχ
idχj. (7.9)
Using polar coordinates,
ds˜2 = dr2 +
r2
1 + r2
(dθ2 + sin2 θdφ2). (7.10)
Asymptotically as r → ∞ this is the standard metric on R × S2, and for r → 0
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the space looks like R3. The scalar curvature for (7.10)
R = 2
(9 + 3r2 + r4)
(1 + r2)2
, (7.11)
is free of singularities as expected because the group acts without fixed points.
Hence, at tree level, the non-abelian dual of G = SU(2) with respect to its left-
action is the Lie algebra of SU(2) but with a metric reminiscent of Witten’s
SL(2, R)/U(1) Euclidean black hole metric [19]. According to [12] the dilaton
changes into
φ˜ = φ− log(1 + χ2).
Notice that S˜(χ) contains less symmetry than the original model. (7.1) is invariant
under g → h1gh−12 . Since the dual variables are the gauge invariant combinations
g−1χg, we are left with the action of SU(2) on the right. We can proceed to perform
the duality transformation with respect to this residual group. Now χ = 0 is a fixed
point of the isometry group and the resulting space will be singular. We gauge the
symmetry by replacing derivatives by covariant derivatives Dχ = ∂χ+ [A, χ], and
then we add the new Lagrange multiplier λ to obtain
S˜(χ,A, λ) =
k
4π
∫ (
−Tr(DχDχ)
1 + ρ2
− 1
1 + ρ2
ǫijkχkDχiDχj +
∂ρ∂ρ
1 + ρ2
+ TrλF (A)
)
,
(7.12)
with
ρ =
√
χiχi.
Before integrating the gauge field, we fix the non-abelian part of the gauge by
choosing the unitary-like gauge
χ =
1
i
√
2
(
ρ 0
0 −ρ
)
. (7.13)
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We fix the residual U(1) gauge invariance as follows: Since λ = λaσ
a/i
√
2,
λ =
1
i
√
2
(
λ3 λ1 − iλ2
λ1 + iλ2 −λ3
)
, (7.14)
write
λ1 = r cos θ λ2 = r sin θ, (7.15)
and choose the gauge
θ = 0 (7.16)
This fixes the gauge completely and the new dual variables are (ρ, r, λ3). Elimi-
nating A and after some manipulations we obtain
˜˜S =
k
4π
∫
(∂ρ∂ρ+
1 + ρ2
2ρ2
∂r∂r +
(
1 + ρ2
2rρ2
λ3 +
ρ√
2r
)
(
∂r∂λ3 + ∂λ3∂r
)
+
(
1 + ρ2
2r2ρ2
λ23 +
ρ2
r2
+
√
2ρ
r2
λ3
)
∂λ3∂λ3). (7.17)
The new dilaton is
˜˜φ = φ− log ρ
2r2
2
. (7.18)
The double dual has curvature singularities at ρ = 0 and r = 0. The Lagrangian
(7.17) has no trace of any of the original SU(2)L × SU(2)R symmetries or of the
SU(2) symmetry of the dual Lagrangian. There are no symmetries left at all. It is
quite unclear also how to go back from the dual to the original action in contrast
with the abelian case.
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7.2. The Dual of SL(2, R)L
A more interesting example from the space-time point of view is as above but
with SU(2) replaced by SL(2, R). The result is simply obtained by analytically
continuing the SU(2) formulas according to the rules χ1 → iχ1, χ2 → χ2, χ3 →
iχ3 (plus a change k → −k to have signature (−,+,+)). We obtain the dual
Lagrangian
S˜(χ) =
k
4π
∫ [
1
1− χ2 (ηij − χiχj)−
1
1− χ2 ǫijkχk
]
∂χi∂χj , (7.19)
χ2 = ηijχiχj η = diag(1,−1, 1). (7.20)
Using the analogue of polar coordinates we can distinguish two regions: χ2 > 0
and χ2 < 0. The dual metric takes the form
χ2 > 0, ds˜2I =
1
4ρ
dρ2 − ρ
1− ρdη
2 +
ρ
1− ρcosh
2ηdφ2
ρ = χ2; η ∈ R; φ ∈ [0, 2π]
χ2 < 0 ds˜2II = −
1
4ρ
dρ2 +
ρ
1 + ρ
dη2 +
ρ
1 + ρ
sinh2ηdφ2
ρ = −χ2,
(7.21)
with in region I
χ1 = ρ
1/2 cosφ cosh η
χ3 = ρ
1/2 sinφ cosh η
χ2 = ρ
1/2 sinh η,
and similarly in region II with minor changes. The scalar curvatures are
RI = −2(ρ
2 − 3ρ+ 9)
(ρ− 1)2 RII = −2
(ρ2 + 3ρ+ 9)
(ρ+ 1)2
. (7.22)
RI has a singularity at ρ = 1. This is not due to fixed points but rather to the
non-compactness of the group (infrared problem). The dual space has interesting
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global properties. It is an anti-DeSitter (AdS) space-time. ρ = 0 is a coordinate
singularity where the metric goes from (−,+,+) in region II to (+,−,+) in region
I, and (+,+,−) beyond the singularity. Thus ρ = 0 is likely to be a horizon. To
study the causal structure we can ignore the φ-dependence. Each point (ρ, η) is a
circle of radius (ρ/(1− ρ))1/2 cosh η in region I and of radius (ρ/(1+ ρ))1/2| sinh η|
in region II. Making ρ→ −ρ in region II we cover the space-time with
ds˜2 = − ρ
1− ρdη
2 +
1
4ρ2
dρ2. (7.23)
The ρ = 0 coordinate singularity can be eliminated by going to “tortoise” coordi-
nates
ρ∗ =
1
2
log |1−
√
1− ρ
1 +
√
1− ρ |+
√
1− ρ; ρ < 1, (7.24)
so that
ds˜2 = − ρ
1− ρdη
2 +
ρ
1− ρdρ
∗2. (7.25)
Region II in these coordinates is covered by −∞ < ρ∗ < ∞. Going to null
coordinates u = ρ∗ − η, v = ρ∗ + η , and using Kruskal-like coordinates,
u = eu v = ev, (7.26)
region II is covered with 0 < u <∞, 0 < v <∞. In terms of these coordinates we
can extend the manifold to a larger manifold M˜
ds˜2 =
ρ
1− ρe
−2ρ∗dudv −∞ < u, v <∞. (7.27)
The extended region −∞ < u, v < 0 is isomorphic to region I and the transition
takes place analytically. In Kruskal coordinates the horizon is at u = 0, v = 0.
The Penrose diagram for M˜ appears in fig. 1.
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u=
+∞
u=
-∞
v=-∞
v=+
∞
u=
0
v=0
-
-
-
-
-
-
Fig.1: Penrose diagram for M˜ .
The Penrose diagram describes a black-hole space-time with a time-like sin-
gularity. Asymptotically M˜ has negative scalar curvature with metric ds2 =
−dρ2 + dη2 + sinh2 ηdφ2. We have thus found a black-hole space-time by dual-
izing AdS space with respect to the non-abelian symmetry group SL(2, R)L. This
space-time is different from the three-dimensional space-time found in [20] which
arises from identifying points in AdS space by a discrete subgroup of SO(2, 2). A
time-like singularity appears there, but it is not a curvature singularity. It is a
causal singularity beyond which closed time-like curves appear.
In the dual model we still have an SL(2, R)-isometry group, and we can again
dualize with respect to it. The formulae are similar to those obtained for the SU(2)
case after analytic continuation. We will not spell out the details here.
An important remark is that even though the space-time obtained is poten-
tially interesting in the subject of string black holes, we have obtained the result
starting with a theory which is not conformally invariant. It is likely that confor-
mal invariance can be gained by embedding the model in a (2, 0) supersymmetric
theory, but we have not yet explored this possibility.
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An example where one can start directly with a conformally invariant field the-
ory is the SL(2, R)-WZW theory if we perform duality with respect to the vector
action of SL(2, R). This model leads to a rather singular space-time and presum-
ably the correct way to think about the dual theory is without the elimination
of the gauge field and using BRST techniques. In this model the gauge fixing is
rather delicate because we have to distinguish the elliptic, parabolic and hyperbolic
regions of SL(2, R). We have not found a nice physical interpretation of the dual
space-time as a black-hole or any other simple space-time, and will just present an
outline of the results in the appendix.
7.3. Non-Abelian Frustrations
To conclude this chapter we would like to address some of the problems in
the determination of the global properties of non-abelian dual spaces and the cur-
rent difficulties one finds in trying to obtain the operator mapping. In particu-
lar it should also be interesting to determine the form of this transfomation for
higher genus Riemann surfaces. Given that duality transformations are versions
of Kramers-Wannier duality, it seems at first sight paradoxical that no use of non-
abelian duality has been made in Statistical Mechanics. The reason is simple as
mentioned at the beginning of the chapter. For non-abelian groups the set of rep-
resentations does not form a group. To be more precise, duality always proceeds by
first transforming to a first order formalism (using gauge fields) with constraints.
When the constraints are solved we get back the original model. In the abelian
case the constraints take the form
∏
z
δ(dA)
∏
i
δ(
∮
ai
A)δ(
∮
bi
A), (7.28)
where a, b are the non-trivial homology cycles of a genus-g Riemann surface. In
the non-abelian case similar gauge invariant constraints are expressed in non-local
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form in terms of Wilson loops (we think of hte theory as defined on a lattice)
∏
plaquettes
δ(Wplaquettes)
∏
i
δ(Wai)δ(Wbi), (7.29)
where the a, b’s are now understood as generators of the homotopy of the surface,
and
Wγ = Pe
∫
γ
A
. (7.30)
Delta-functions in (7.28) can be expanded in Fourier modes and we obtain local
terms in the action for the Lagrange multipliers. However for the non-abelian
delta-functions this is not the case. For instance, in the case of SU(2), we use the
character expansion to obtain
δ(g) =
∑
l
l∑
m,n=−l
tlmn(g)t
l
mn(1), (7.31)
where
tlmn(g) = e
i(mφ+nψ)Pmn(cos θ),
in terms of Euler angles. We see that only the U(1) embeddings parametrized
by the angles φ, ψ exponentiate in local form (g represents a local product of
link variables around a plaquette). Because of the infinite product of Legendre
polynomials we do not know how to perform the link integral (gauge field integral)
and obtain a local model in the fields l(z, z), n(z, z), m(z, z) defined on the dual
lattice.
In the genus zero case and in the continuum we can circumvent the problems
by using covariant Lagrange multipliers as we did previously. This allows us to
project into the space of flat connections, however the problem reappears with
the homotopy Wilson loops in the higher genus case, or even at tree level in the
presence of operator insertions. These are serious problems in order to state non-
abelian duality as a full-fledged string symmetry. In the particular case of genus
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one one can go a little further by using the fact that the fundamental group is
abelian and flat connections can therefore be gauge transformed into the Cartan
subalgebra of the group, thus allowing a treatment similar to the abelian case.
When one tries to carry in detail the computations for genus higher than zero, one
finds that the basic difficulty is the fact that the Hodge decomposition and the
splitting of the flat connection part of the auxiliary gauge field only coincide for
the abelian case. In some cases however one can study in some detail the global
topological properties of the dual model directly.
The same type of problems appear when we try to carry out in detail the
operator mapping between a given theory and its non-abelian dual. For instance,
for a σ-model on a group manifold G, we could consider correlators of the form
〈
∏
j
g(zj, zj)〉,
which can be expressed in the first order formalism by choosing a point P = ∞
and a system of cuts γj going from it to zj . Fixing g(∞) = 1 we can write
〈
∏
j
g(zj , zj)〉 = 〈
∏
j
Wγj(g
−1dg)〉,
for
Wγj (g
−1dg) = Pe
∫
γj
g−1dg
,
and in the gauge model we have
〈
∏
j
g(zj, zj)〉 =
∫
DgDADχ
|G| e
−S(g,A,χ)
∏
j
Wγj ,
with
Wγj = Pe
∫
γj
g−1Dg
Dg = dg + Ag,
in the case that the isometries act by left multiplication. As usual we can take these
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operators as duals to the g(zi) but still we cannot perform the gauge field integra-
tion and express them in terms of the Lagrange multipliers due to the presence of
the path ordering prescription.
It is quite clear that more work is needed to elucidate the complete structure
of the non-abelian duality transformation.
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APPENDIX
The vectorially gauged action reads:
S(g, A, χ) = S(g) +
k
2π
∫
Tr(A∂¯gg−1 − A¯g−1∂g − g−1AgA¯+
AA¯ + χ(∂A¯− ∂¯A + [A, A¯]))
(A.1)
(A.1) is invariant under local gauge transformations:
g → h−1gh; A→ h−1(A+ d)h; χ→ h−1χh (A.2)
with h ∈ SL(2, R). To gauge-fix this action we must choose a representative for
every value of the trace and then fix the residual U(1)-symmetry on the lagrange
multipliers.
Integration over the gauge fields yields the following result for the elliptic,
hyperbolic and parabolic regions of SL(2, R):
Elliptic region:
S˜ =
k
2π
∫
1
ρ2 sin2 θ
[ρ2∂ρ∂¯ρ− ρ(χ+ 1
2
sin 2θ)(∂ρ∂¯χ+ ∂¯ρ∂χ)−
ρ(χ+
1
2
sin 2θ)(∂ρ∂¯θ + ∂¯ρ∂θ) + (χ2 + χ sin 2θ + sin2 θ)∂χ∂¯χ+
(χ2 + χ sin 2θ + sin2 θ)(∂χ∂¯θ + ∂¯χ∂θ) + (χ2 + χ sin 2θ + (1− ρ2) sin2 θ)∂θ∂¯θ]
θ ∈ [0, 2π]; ρ, χ ∈ R
(A.3)
Hyperbolic region:
S˜ = ± k
2π
∫
1
ρ2 sinh2 t
[ρ2∂ρ∂¯ρ∓ ρ(χ + 1
2
sinh 2t)(∂ρ∂¯χ + ∂¯ρ∂χ)
∓ ρ(χ+ 1
2
sinh 2t)(∂ρ∂¯t+ ∂¯ρ∂t) + (χ2 + χ sinh 2t+ sinh2 t)∂χ∂¯χ+
(χ2 + χ sinh 2t+ sinh2 t)(∂χ∂¯t+ ∂¯χ∂t) + (χ2 + χ sinh 2t+ (1± ρ2) sinh2 t)∂t∂¯t]
t, ρ, χ ∈ R
(A.4)
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Parabolic region:
S˜ =
k
2π
∫
1
x2
[∂x∂¯x+ ∂y∂¯y ± (∂x∂¯y + ∂y∂¯x)]
x, y ∈ R
(A.5)
The new dilatons are:
φ˜ = φ− log (8ρ2 sin2 θ)
φ˜ = φ− log (8ρ2 sinh2 t)
φ˜ = φ− log (2x2)
(A.6)
The singular points in each region correspond to the fixed points of the vectorial
action. The dual metric in the parabolic region is singular, which means that in this
region there is only one propagating degree of freedom. Since the parabolic region
has zero measure in the whole dual space-time, this loss of degrees of freedom is
possibly irrelevant.
The disconnectedness of the three regions makes unclear the interpretation of
the dual space-time. One could also choose a different gauge fixing which does
not distinguish between the three different regions in SL(2, R), however one finds
the same problem later when fixing the residual gauge symmetry action on the
Lagrange multipliers. A possible way to treat the dual theory could be without
eliminating the gauge-fields, using BRST techniques.
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